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Restricted Lie algebras

Definition (Jacobson)

A restricted Lie algebra is a Lie algebra L equipped with a map (-)[P] : L — L satisfying for all
x,y € L and for all X\ € K:

Q@ ()Pl = aexlrl; !»“;N

p terms G “”,
e I:va[p]] :[["'[X’y]v}/]f"'v)/]f _:‘
da

e (X + y)[P] = X[P] + y[P] + Z S,‘(X, y)’ Nathan Jacobson (1910-1999)
i=1

with isj(x,y) the coefficient of Z'=1 in adg;jy(x), Such a map (=)IP) : L — L is called p-map.

Example: any associative algebra A with [a, b] = ab — ba and alPl = &P Va, b € A.
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Restricted Lie algebras

Definition
A Lie algebra morphism f : (L,[-,-], (-)IP) — (L', [-,-]', ()PP is called restricted
if

f(xP= F(x)P, vx e L.

A L-module M is called restricted if
p terms

—
Xl m = (X'(X”'(X'm)"')), Vxel, Vme M.
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Restricted Lie superalgebras

Definition (Restricted Lie superalgebra)

A restricted Lie superalgebra is a Lie superalgebra L = L ® L3 such that
@ The even part Lg is a restricted Lie algebra;
@ The odd part L3 is a Lie Lg-module;

p terms

——
Q [X,y[p]] =[[...[x,¥],y],--»¥], Vx € L3, y € L;.
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Definition (Restricted Lie superalgebra)
A restricted Lie superalgebra is a Lie superalgebra L = L ® L3 such that

@ The even part Lg is a restricted Lie algebra;

@ The odd part L3 is a Lie Lg-module;

p terms
——

Q [x,y[”]] =[[...[x,¥],y],--»¥], Vx € L3, y € L;.
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1
x2P — (X2)[”], with x? = §[X,X], x € L.
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Restricted Lie superalgebras

Definition (Restricted Lie superalgebra)

A restricted Lie superalgebra is a Lie superalgebra L = L ® L3 such that
@ The even part Lg is a restricted Lie algebra;
@ The odd part L3 is a Lie Lg-module;

p terms

——
Q [x,y[”]] =[[...[x,¥],y],--»¥], Vx € L3, y € L;.
We can define a map (-)1P) : L3 — Lg by

1
x2P — (X2)[”], with x? = E[X’X]’ x € L.

Theorem (Jacobson)

Let (ej)jes be a basis of Ly, and let the elements f; € Lg be such that
(ade; )P = adg. Then, there exists exactly one p|2p-mapping (P12l [ — [ such
that

el =t foralljeJ.
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A (very) brief history of restricted cohomology

@ 1955 (Hochschild): H](L, M) := Exty, () (F, M).

¢

Gerhard Hochschild

6/22



A (very) brief history of restricted cohomology

@ 1955 (Hochschild): H](L, M) := Exty, () (F, M).

¢

@ 2000 (Evans-Fuchs): explicit constructions of 2-cocycles and central

Gerhard Hochschild

extensions.

Tyler J. Evans

Dmitry B. Fuchs

6/22



A (very) brief history of restricted cohomology

@ 1955 (Hochschild): H](L, M) := Exty, () (F, M).

¢

@ 2000 (Evans-Fuchs): explicit constructions of 2-cocycles and central

Gerhard Hochschild

extensions.

Tyler J. Evans

Dmitry B. Fuchs

@ 2020 (Yuan-Chen-Cao): attempt to generalize to the superalgebras case.
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Restricted cohomology for restricted Lie superalgebras

Let L = L @ L7 be a restricted Lie superalgebra and let M be a L-module.

We set CO(L, M) = M and C}(L, M) = Hom(L, M).
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Let ¢ € C2c(L, M) (ordinary Chevalley-Eilenberg 2-cochain) and w : L — M.

Then w is p-compatible if
Q w(Ax) = NPw(x), YA €T, Vx € L,
Q wix+y)=wlx)+wly)+
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X1=X, XQ=y

with x,y € Lg, #(x) the number of factors x; equal to x.
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Restricted cohomology for restricted Lie superalgebras

Let L = L @ L7 be a restricted Lie superalgebra and let M be a L-module.
We set CO(L, M) = M and C}(L, M) = Hom(L, M).

Definition (Restricted 2-cochains)

Let ¢ € C2c(L, M) (ordinary Chevalley-Eilenberg 2-cochain) and w : L — M.
Then w is p-compatible if

Q w(Ax) = NPw(x), YA €T, Vx € L,
Q wix+y)=wlx)+wly)+

p—2

Z ﬁ Z(_l)kxp o 'XP—k+1‘p([[’ o [X17X2]7X3] T ’XP—k—l]vxp—k)7
Xj=x ory k=0

with x,y € Lg, #(x) the number of factors x; equal to x.

C3(L, M) = {(cp,w), w e C3(LM), wis @—compatible}

~ We have a similar (although more complicated) definition for C3(L, M).
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Restricted cohomology for restricted Lie superalgebras

For (p,w) € C2(L; M), we write
(¢,w) = (¥5,ws) + (1, wi), where Im(w;) € M. (1)

Observe that also (p5,w;) € C2(L; M), thanks to the @-compatibility.
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Restricted cohomology for restricted Lie superalgebras

For (p,w) € C2(L; M), we write
(‘va) = ((p(),w(‘)) + (S‘inwi)a where Im(w]) - MJ'

Observe that also (7,w;) € C2(L; M), thanks to the ¢-compatibility.

In the sequel we will define the maps

1 2
0— COL M) =5 Cl(L, M) <=5 (L, M) 55 C3(L, M),
(SCR(LM)  (=Cle(LM))
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Restricted cohomology for restricted Lie superalgebras

For (p,w) € C2(L; M), we write
(‘va) = ((p(),w(‘)) + (S‘inwi)a where Im(w]) - MJ'

Observe that also (7,w;) € C2(L; M), thanks to the ¢-compatibility.

In the sequel we will define the maps

1 2
0— COL M) =5 Cl(L, M) <=5 (L, M) 55 C3(L, M),
(SCR(LM)  (=Cle(LM))

First, we take d? := d2;
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Restricted cohomology for restricted Lie superalgebras

Definition of the map d}! : C}(L, M) — C?(L, M).
An element o € C(L; M) induces a map ind* () : Lg — M given by

ind" (i0)(x) = p(x1) —xP "1 (x).
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Restricted cohomology for restricted Lie superalgebras

Definition of the map d}! : C}(L, M) — C?(L, M).
An element o € C(L; M) induces a map ind* () : Lg — M given by

ind" (i0)(x) = p(x1) —xP "1 (x).

Theorem (Evans-Fuchs)

Q The map ind'(p) is dp-compatible. Therefore,

di () := (degp, ind'(©)) € C2(L; M).

@ We have d! o d? = 0.

@ The space HX(L; M) := Ker(d?) /Im (d?) is well defined.
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Restricted cohomology for restricted Lie superalgebras
Definition of the map d? : C3(L, M) — C3(L, M).

An element (p,w) € C2(L; M) induces a map ind*(¢,w) : L x Ly — M defined by

j terms

ind® (0, w)(x, y) :w(x,y[”])— > (—1)"y"e0<[[~~[X,y],-'-],y],y>
i+j=p—1
+ (=)l xew(y),

for Im(w) € M,,|, and then extended using (1).
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j terms
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Restricted cohomology for restricted Lie superalgebras
Definition of the map d? : C3(L, M) — C3(L, M).

An element (p,w) € C2(L; M) induces a map ind*(¢,w) : L x Ly — M defined by

j terms

ind?(p,w)(x,¥) = (x ) = 7 (1Y ([ [ 3 Tyl y)
i+j=p—1
+ (1) xe(y),
for Im(w) € M,,|, and then extended using (1).
Theorem (Bouarroudj-E.)
Q The map ind®(p,w) is d2gp-compatible.

Q@ We have d? o d} =0, where d?(p,w) := (dgp, ind2(<p,w)).

© The space H2(L; M) := Ker (d?) /Im (d}) is well defined.
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Example of computation
An example. Consider the Lie superalgebra
L=<ellex, e3>, [e1, ] = e3, e{p] =0.

Let ¢ € CZ(L;L). Amapw: Lg — L is p-compatible if and only if

w(Ax) = Mw(x) and w(x + y) = w(x) +w(y), ¥x,y € L5, VA € K.

11/22



Example of computation
An example. Consider the Lie superalgebra
L=< el|er,e3 >, [e1, e] = €3, e{p] =0.
Let ¢ € CZ(L;L). Amapw: Lg — L is p-compatible if and only if
w(Ax) = Nw(x) and w(x + y) = w(x) + w(y), ¥x,y € L5, VA € K.

Lemma
A basis for the Chevalley-Eilenberg 2-cocycles space Z2-(L; L) is given by

1 = a®A12+200® A 2 = —26R®A13+263® As3;
3 = e ®Aiy; Y2 = e ®A3;
s = 200N +e3®Ar3; w5 = e3®Aj;
7 = a®Ags; pg = e3®Ajs,

where A,-’j(ek, e,) = 5i,k5j,l and A;’j = —(—]_)‘eiHef‘Aj’,'.

= = = =
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Example of computation (p > 3)

The case where p > 3. Let (¢, w) € C3(L; L).

Then,
Q (p,w) € Z2(L; L) if and only if ¢ € ZZc(L; L) and w(er) = ves, v € K;
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Example of computation (p > 3)

The case where p > 3. Let (¢, w) € C3(L; L).

Then,
Q (p,w) € Z2(L; L) if and only if ¢ € ZZc(L; L) and w(er) = ves, v € K;
@ g and g are Chevalley-Eilenberg coboundaries;
Q ¢s5 = 1 and p7 = ps;
Q ind'(v) =0, Vi € CH(L; L).
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Example of computation (p > 3)

The case where p > 3. Let (¢, w) € C3(L; L).

Then,
Q (p,w) € Z2(L; L) if and only if ¢ € ZZc(L; L) and w(er) = ves, v € K;
@ g and g are Chevalley-Eilenberg coboundaries;
Q ¢s5 = 1 and p7 = ps;
Q ind'(v) =0, Vi € CH(L; L).

Therefore, we have

H2(L; L) = Span{(¢1,0); (#2,0); (©3,0); (¢4,0); (0,ws)},

where ws(e1) = es.
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Example of computation (p = 3)

The case where p = 3. Let (p,w) € C?(L; L). Suppose that

w(er) =1e1 +12e + 7363, 71,72,73 € K.

Then,
Q Vo € ZZ:(L; L), we have ind*(p,w)(er, e1) = Y2e3.
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Example of computation (p = 3)

The case where p = 3. Let (p,w) € C?(L; L). Suppose that

w(er) =1e1 +12e + 7363, 71,72,73 € K.

Then,
Q Vo € ZZ:(L; L), we have ind*(p,w)(er, e1) = Y2e3.
@ For i # 4, we have ind®(¢;,w)(e2, €1) = Y1 €3.
Q For i =4, ind?(p4,w)(e2, 1) = (1 —71)es.

Therefore,

HZ(L; L) = Span{(¢1,0); (#2,0); (#3,0); (#a,wa); (0,ws)},

where wy(e1) = e and ws(e1) = e3.
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A subcomplex
Let L be a restricted Lie superalgebra and M a restricted L-module. We define a
subspace C2(L; M)* C C3(L; M) by

C2(L; M)* = {(<p,w) € C3(L; M), Im(w) C Mﬁ}.
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A subcomplex

Let L be a restricted Lie superalgebra and M a restricted L-module. We define a
subspace C2(L; M)* C C3(L; M) by

C2(L; M)* = {(<p,w) € C3(L; M), Im(w) C Mﬁ}.

Lemma

(i) We have an inclusion B2(L; M)y C C?(L; M)*.

(i) The space C2(L; M)* is Zy-graded and the degree of an homogeneous
element (p,w) € C3(L; M) is given by |(¢,w)| = ||

This Lemma allows us to consider the space Z2(L; M)* := ker(df‘CE(L;M)+). Thus
we can define

HZ (L M)* = Z2(L; M)*/BZ(L; M)5.
The space H2(L; M)* is Zy-graded.
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Central extensions of restricted Lie superalgebras

Let (L, [,-], (-)!P!) be a restricted Lie superalgebra, and M be a strongly abelian
restricted Lie superalgebra (i.e, [m,n] =0 Vm,n € M, and mlPl =0 Vm € M).

A restricted extension of L by M is a short exact sequence of restricted Lie

superalgebras
0—M-SESL—o0.
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Central extensions of restricted Lie superalgebras

Let (L, [,-], (-)!P!) be a restricted Lie superalgebra, and M be a strongly abelian
restricted Lie superalgebra (i.e, [m,n] =0 Vm,n € M, and mlPl =0 Vm € M).

A restricted extension of L by M is a short exact sequence of restricted Lie
superalgebras
0—M-SESL—o0.

In the case where «(M) C 3(E):={a€c E, [a,b] =0Vb € E}, M is a trivial
L-module. These extensions are called restricted central extensions.

Two restricted central extensions of L by M are called equivalent if there is a
restricted Lie superalgebras morphism ¢ : E; — E, such that the following
diagram commutes:

£
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Central extensions of restricted Lie superalgebras

0— M-S E-"L—0.
Theorem (Bouarroudj-E.)
Let L be a restricted Lie superalgebra and M a strongly abelian restricted Lie

superalgebra. Then, the equivalence classes of restricted central extensions of L by
M are classified by HZ(L; M) .
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Central extensions of restricted Lie superalgebras

0—-M-S5SE-SL—0.

Theorem (Bouarroudj-E.)

Let L be a restricted Lie superalgebra and M a strongly abelian restricted Lie

superalgebra. Then, the equivalence classes of restricted central extensions of L by
M are classified by HZ(L; M) .

Structure maps on E. Let (p,w) € Z2(L; M)§. The bracket and the p-maps on
E are given by

[x + m,y + nle = [x,y] + o(x,y), Vx,y € L, Vm,ne M, 3)
(x + m)lPle .= xlPl 1 ((x), Vx € Ly, Vm € Mj. (4)
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A brief history of classification of restricted Lie algebras

Hamid Usefi Salvatore Siciliano

@ 2016 (Schneider and Usefi): Classification of p-nilpotent restricted Lie algebras of
dimension < 4 (Forum Math.);
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A brief history of classification of restricted Lie algebras

Hamid Usefi

Salvatore Siciliano

@ 2016 (Schneider and Usefi): Classification of p-nilpotent restricted Lie algebras of
dimension < 4 (Forum Math.);

@ 2016 (Darijani and Usefi): Classification of p-nilpotent restricted Lie algebras of dimension
5, p > 3, contains some mistakes (J. Algebra);

@ 2023 (Maletesta and Siciliano): Classification of p-nilpotent restricted Lie algebras of
dimension 5, p > 3, using another method (J. Algebra).

Proposition

Let L be a p-nilpotent restricted Lie superalgebra of dimension n. Then, L is
isomorphic to a central extension by a restricted 2-cocycle of a p-nilpotent
restricted Lie superalgebra of dimension n — 1.
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Dimension 3

o sdim(L) = (12): L = (esle ).
Q Li, = (a]e, &) (abelian):
(1) e{p] =0;
Q LI, = (aile, &3 [, &] = e1):
o =0
@ sdim(L) = (2[1): L = (e, e2|e3).

Q L} = (1, &|es) (abelian):
(1) e{"] = e£”] =0;
(2] e{P] = e, eép] =0.

@ sdim(L) =

o L.}.\o = (e1, &, e3) (abelian):
1] e][.p] = egp] = egp] =0;

Q e{p] = e, ey’] — egp] =0;

P) e{p] — e, ey’] — e, egp] —o.

o L?\z = (ei]e2, e3; [e1, &] = e3):

o l—o

Q Li; = (aler, &3 [e3,e3] = en):

o eip] =0

QL= <31,€2|e3; les, &3] = e2):

o e eép] 0;
) e[p] — e, e[P] -0

(3]0): L = (ex, e, €3), (see Schneider-Usefi).

o Lg\o = <61,6‘27 €3; [61, ez] = e3>

o e{P] — eép] _ egp] -0

0 =g, fl=efl=o.
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The classification method

@ For each 3-dimensional Lie superalgebra of the previous list, we compute the
equivalence classes of non-trivial ordinary 2-cocycles under the action by
automorphisms given by

(Ap)(x,¥) = ¢(A(x), Aly)), ¥x,y € L (5)

@ We build the corresponding central extensions.

© Some of the superalgebras obtained are isomorphic. We detect and remove
redundancies.

@ Using Jacobson’s Theorem, we check whether the p-maps on the even part
are compatible with the odd part.
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Dimension 4: the classification. Lie superalgebras.

Theorem

The classification of 4-dimensional nilpotent Lie superalgebras over an algebraically closed field of
characteristic different from 2 is given by:

sdim(L) = (0|4): L = (0|x1, x2, X3, Xa) sdim(L) = (3|1): L = (x1, x2, x3|xa)
I-|§|4 : [, ]=0. L;u : abelian;
sdim(L) = (1]3): L = (x1|x2, x3, Xa) Lg\l [, %] = xs;
il )
L;|3 : abelian; Lg\l © [xes xe] = X35
Lijs [, xs] = xa Ly o D] =[x, x] = x.
s © byl = x; sdim(L) = (4]0): L = (x1, %2, x3, xa|0)
L3 Dasxe] = s, [a,xs] = x; Lyjo : abelian;
Li|3 ey xs] = xa; Lim D [xa, xe] = xa;
Lng Peix] =, P, xa] = X Lim skl = x5, [xa, xs] = xa.

Ly, : abelian;

L§|2 s [xs, xa] = xo;

Lglz s s, x3] = X, [x3, %] = xa;

L;lz s s, x3] = [xa, xa] = x2, [x3, xa] = xi;
Lglz s [xa, x3] = xa;

Lglz s, xs] = xa, [x3, 3] = X0

L;lz  [xa, xa] = x1.
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Dimension 4: the classification. p|2p maps.

Theorem

The p-nilpotent structures on nilpotent Lie superalgebras of total dimension 4
with dim(L3) > 0 are given by:
e sdim(L) = (0|4): none.
o sdim(L) = (1/3): x”! = 0.
e sdim(L) = (2|2):
X[Ph _ X2[P]1 -0
x| = X,
e sdim(L) = (3|1):
Case Lg abelian:
X:{P]I _ XZ[Ph _ Xgph -0

[P]z X2[P]2 —0.

x{P]z [Pl2 lpl2 _ .

=X, Xp © = X3
X{P]3 = x, £P]3 = x3, §P]3 -0

Case L5 = Lg\ﬂ = (x1, %2, x3; [x1, %2] = Xx3):
X{P]zt _ X2[P]4 _ X?[’P]A =0

X{P]s = x3, X£P]5 _ X[P]s —0.

31732



Thank you for your attention!

Main reference:

S. Bouarroudj, Q. Ehret, Central extensions of restricted Lie superalgebras and
classification of p-nilpotent Lie superalgebras in dimension 4,
arXiv:2401.08313.

(to appear in Journal of Algebra and its Applications)
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